Introduction
Misalignment between alpha and risk factors may create unintended bets in optimized portfolios, as shown analytically in Lee and Stefek (2008) . In a March research insight, we introduced a way to mitigate this issue by penalizing the portion of the alpha not related to the risk factors, the "residual alpha." Here, we further illustrate this method with two signals commonly used by portfolio managers. The potential improvement from this method depends on the strategy in question, in particular the degree to which the misalignment of alpha and risk factors erodes information in optimization.
Penalizing the Residual Alpha in Portfolio Optimization
First, we briefly summarize the method for penalizing the residual alpha (for more details, see the March 2009 Research Insight). Under the multifactor framework, the covariance matrix can be written as:
where R X is a matrix representing the asset exposures to the risk factors, R F is the covariance of the risk factors, and R ∆ is the (diagonal) covariance matrix of the specific returns. This asset covariance matrix Σ and a set of alphas α are the basic inputs for portfolio optimization.
A manager's alpha may be decomposed into a part that is spanned by the risk exposures, R α , and a part that is residual (orthogonal) to them, R α ⊥ .
A key point is that these components of alpha are viewed differently by a risk model. The spanned alpha is captured by the risk factors. A tilt in its direction incurs factor risk. In contrast, the residual alpha is outside the risk factors, since
Tilting the portfolio in this direction incurs no factor risk.
The misalignment of alpha and risk factors may result in incidental bets that hamper performance.
One way of mitigating this problem is to penalize the residual alpha in the portfolio optimization. In this method, a quadratic penalty term is added to the optimizer's objective function:
This counteracts the optimizer's tendency to tilt unduly on the portion of the alpha not explained by the risk factors, i.e., the residual alpha.
Examples
In implementing our methodology, a main question is how to set the penalty parameter, θ . In our earlier paper, we contrasted two cases. There we showed that if the residual alpha is all noise, then the information ratio (IR) improves as we increase the penalty parameter, albeit with diminishing returns. On the other hand, if there is some factor return and risk coming from the residual alpha R 
Example 1: A Predicted Earnings Yield Strategy
First we consider the case of a portfolio manager who bets on Predicted Earnings to Price. More specifically, the alphas are based on the IBES 12-month forward earnings estimate divided by the current price. The manager builds optimized portfolios using these alphas 2 Figure 1A shows the performance of the signal over the period from January 2000 to December 2008, plotting the cumulative return to the quintile spread together with the US Equity Risk Model to (USE3L); shorting is allowed. The MSCI US 750 Index serves as both the investment universe and the benchmark.
3 formed from the names from the Barra USE3 estimation universe 4 1 Here we assume that the return to residual alpha is uncorrelated with the risk model factor returns. Note that the residual alpha . Figure 1B displays the optimized portfolio's cumulative active returns. R α ⊥ in the penalty term is standardized, consistent with the other risk factors. 2 We specify alphas as the raw signal times the expected return on the signal. 3 Quintiles are formed using the approximately 2,000 stocks in the Barra USE3 estimation universe and the spread is the return to Quintile 1(highest) minus the return to Quintile 5. 4 Both cap-weighted and equal-weighted quintile spread returns are shown for illustration. To understand how much of the alpha is spanned by the factors in the risk model, we decompose alpha using equation (2). Figure 2 shows the percentage of alpha spanned by the risk model
Roughly 78% of the Predicted Earnings Yield alpha is spanned by the factors over time on average. For some periods, the ratio can be very high (for instance, 92% in January 2000) but overall the decomposition is fairly stable.
over the period from January 2000 to December 2008.
Figure 2: Decomposition of Alpha into Spanned and Orthogonal Components (Earnings Yield
Strategy) 5 The strategy returns shown here are the active returns to an optimized portfolio using alphas based on Predicted E/P, using the USE3L risk model. The investment universe and benchmark both use the MSCI US 750 Index. The portfolio is rebalanced monthly. This example illustrates the use of this method. Increasing the penalty on the residual alpha to 0.0000125 improves the realized information ratio of the strategy from 0.77 to 0.84 for this nineyear period. Further increasing the penalty degrades performance over this period. These changes are not statistically significant.
Example 2: A Cash Plowback Strategy
As a second example, consider the case of a portfolio manager who bets on Cash Plowback.
This signal measures the amount of earnings a company has reinvested in its operations. 9 The performance of the Cash Plowback signal as measured by the quintile 1-5 spread is shown in Figure 4A and the active return to optimized portfolio shown in Figure 4B . Again, the risk model used to optimize the portfolio is Barra USE3L and the universe/benchmark is the MSCI US 750
Index. The IR for the Cash Plowback portfolio (without the residual alpha penalty) is lower than that of Predicted Earnings Yield (0.53 compared to 0.77 for Predicted E/P 10 7 Here the risk aversion parameter is set to 0.5. 8 For simplicity, here we use the same value for ).
θ in each month's optimization for the entire nine-year time period. 9 For additional details on this signal, please refer to the Barra Alphabuilder Methodology and Analytics Guide. 10 These IRs pertain to the optimized portfolios without the penalty correction. For the Cash Plowback portfolio, the amount of alpha spanned by the risk model factors is smaller (about 65%) compared to that of the predicted E/P alpha (see Figure 5 ).
Figure 5: Decomposition of Alpha Into Spanned and Orthogonal Components (Cash Plowback

Strategy)
As before, we run the optimization using the penalty framework with different values of theta 12 θ shown in Figure 6 . The Cash Plowback strategy achieves the highest ex-post information ratio when we set = 0.00005.
11 The strategy returns shown here are the active returns to an optimized portfolio using alphas based on Cash Plowback using the USE3L risk model. The investment universe and benchmark both use the MSCI US 750 Index. The portfolio is rebalanced monthly. 12 The risk aversion parameter is set to 0.5. As we penalize the residual alpha, the information ratio of the Cash Plowback strategy increases from 0.53 to 1.12 for this nine-year period.
Summary
In an earlier paper, we described a way to refine portfolio construction by penalizing residual alpha when there is a misalignment between alpha and risk factors. In this paper, we illustrate this method with commonly used signals, such as Predicted Earnings-to-Price and Cash
Plowback. The potential improvement from this method depends on the strategy in question. 
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